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A k-sun graph S(Ck) is obtained from the cycle of length k, Ck, by adding a pendant edge
to each vertex of Ck. A k-sun system of order v is a decomposition of the complete graph
Kv into k-sun graphs. In this paper, we use a difference method to obtain k-sun systems of
all possible orders for k = 6, 10, 14 and 2t where t is a positive integer at least 2. More
precisely, we obtain cyclic k-sun systems of odd order and 1-rotational k-sun systems of
even order when the order is greater than 4k.
© 2012 Elsevier B.V. All rights reserved.
1. Introduction
Let G be a simple graph and Kv be a complete graph with v vertices. A decomposition D of G is a collection of edge-
disjoint subgraphs G1,G2, . . . ,Gn of G such that every edge of G belongs to exactly one Gj for j = 1, 2, . . . , n.D is called a
Γ -decomposition of G if each member ofD is isomorphic to the graph Γ . A Γ -decomposition of G is also called a (G,Γ )-
design [9]. In particular, if G is Kv and Γ is Ck with k ≥ 3, then a (Kv, Ck)-design is known as a k-cycle system of order v. The
decomposition problem has been solved for various other graphs for example, stars [18], paths [19], m-cycles [1,17], and
various other small graphs for order 4 or less [5], order 5 [4] and order 6 [22].
A k-cycle is a cycle of length k, denoted by Ck. A k-sun graph S(Ck) is obtained from Ck by adding a pendant edge to each
vertex of Ck. If the vertex set of Ck is {u1, u2, . . . , uk} and the edge set is {u1u2, u2u3, . . . , uku1}, then Ck can be denoted by
(u1, u2, . . . , uk). If the pendant vertex set of S(Ck) is {w1, w2, . . . , wk} and the pendant edge set is {w1u1, w2u2, . . . , wkuk},
then S(Ck) is denoted by
S(Ck) =

w1 w2 · · · wk
u1 u2 · · · uk

.
A k-sun graph is also called a crown graph Qk. A k-sun system of order v is a k-sun-decomposition of Kv . A crown graph
is an important unicyclic graph with extensive applications. The concept of a crown graph was defined by Harary [13].
Frucht [10] studied the gracefulness of a crown graph. Grace [12] discussed the harmoniousness of a crown graph. Anitha
and Lekshmi [2,3] have decomposed K2k into k-sun graphs, Hamilton cycles, and perfect matchings. Liang and Guo [14,15]
gave the existence spectrum of a k-sun system of order v as k = 3, 4, 5, 6, 8 by using a recursive construction. In this paper
we will construct cyclic and 1-rotational k-sun system of order v as k = 6, 10, 14 and 2t , for t an integer greater than 1.
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Let A be an automorphism group of a k-sun system of order v, that is a group of permutations on the vertex set of v points
such that the collection of k-sun graphs, called blocks, is invariant. If there is an automorphism of order v, then the design
is said to be cyclic. For a cyclic k-sun system of order v, the set V of v points can be identified with Zv , i.e., the residue group
of integers modulo v. In this case, the design has an automorphism σ : i → i + 1(mod v) which is also represented by
σ = (0, 1, . . . , v − 1). Let B be a block of a cyclic k-sun system. A block orbit Orb(B) of B is defined by {B+ y|y ∈ Zv}. The
length of a block orbit is its cardinality. A block orbit of length v is said to be full, otherwise short. A base block of a block
orbit O is a block B ∈ Owhich is chosen arbitrarily.
If there is an automorphism consisting of a single fixed point and one cycle of length v − 1, then the design is said to be
1-rotational. The automorphism can be represented by π : i → i+ 1(mod v − 1) and∞ → ∞ which is also represented
by π = (∞)(0, 1, . . . , v − 2) on the point-set V = {∞} ∪ Zv−1. A block orbit of a 1-rotational k-sun system is defined
similarly to that of a cyclic k-sun system, but under the automorphism π . Any cyclic or 1-rotational k-sun system should be
generated from base blocks.
So far, when G is Cn, there are many results about cyclic or 1-rotational n-cycle systems, see [6–8,11,16,20]. If G is a graph
obtained from Ck by addingm (≥1) distinct pendent edges to the vertices of Ck, denoted byΘmCk then Wu and Lu obtained
the following theorem.
Theorem 1.1 (Wu and Lu [21]). For any positive integers k and m with k ≥ 3, there exists a cyclic (K2(k+m)+1,ΘmCk)-design.
Moreover, if k is even, then there exists a cyclic (K2p(k+m)+1,ΘmCk)-design for any positive integer p.
Since S(Ck) can be viewed asΘkCk, it implies the following result.
Corollary 1.2. For any positive integer k ≥ 3, there exists a cyclic k-sun system of order 4k+1. Moreover, if k is even, then there
exists a cyclic k-sun system of order v where v ≡ 1(mod 4k).
In this paper, we obtain the following results:
Theorem 1.3. Let k = 6, 10, 14 or 2t where t ≥ 2. There exists a k-sun system of order v if and only if v ≥ 2k and
v(v − 1) ≡ 0(mod 4k).
2. Definitions and notations
Before we give the construction for a cyclic or 1-rotational k-sun system of order v, we need to have the following
definitions. Let {a, b} be an edge of Kv . We use±(a− b) to denote the difference of the edge {a, b} and use∞ to denote the
difference of the edge {∞, b}.
If S =

w1 w2 · · · wk
u1 u2 · · · uk

is a k-sun graph, then we define the difference set of S in Kv as a multiset 1S = {±(ui+1 −
ui),±(wi − ui)|1 ≤ i ≤ k} (understood uk+1 = u1). Given t k-sun graphs with vertices in Zv, S1, S2, . . . , St form a (v, k)-
difference family if1S1,1S2, . . . ,1St is a partition ofZv−{0}. The k-sun graphs Si are called the base blocks. If B1, B2, . . . , Bt
form a (v, k)-difference family, then the translates of the base blocks, namely Bi + j =

wi,1 + j wi,2 + j · · · wi,k + j
ui,1 + j ui,2 + j · · · ui,k + j

(i =
1, . . . , t, j ∈ Zv), form a cyclic k-sun system of order v.
We will extend the cyclic k-sun system of order v to have base blocks with short orbits. Let D be a cyclic k-sun system
of order v and B1, B2, . . . , Bℓ be base blocks of D. Then D = ℓi=1 Orb(Bi). If B is a base block with a full orbit, then each
element in1B appears exactly once and |1B| = 4k. If B is a base block with a short orbit and |Orb(B)| = t < v, then each
element in1B appears exactly v/t times.
Let q, t and r are positive integers. If v = qt and k = qr and B is a base block of a k-sun system D of order qt which has a
cyclic form as follows:
B =

w1 · · · wqr
u1 · · · uqr

,
with wir+j = it + wj and uir+j = it + uj for i = 0, 1, . . . , q − 1 and j = 1, 2, . . . , r , then we will use the short expression
B =

w1 w2 · · · wr
u1 u2 · · · ur

t
. The difference set of B is 1B = {±(ui+1 − ui)(q)|1 ≤ i ≤ r − 1} ∪ {±(wi − ui)(q)|1 ≤ i ≤
r} ∪ {±(t + u1 − ur)(q)}, where d(q) means that d appears q times in the multiset 1B. Thus the length of the orbit of B is t ,
i.e., |Orb(B)| = t .
Example 2.1. Let v = 65 = 13× 5. The 10-sun graph
B =

2 4 15 17 28 30 41 43 54 56
0 1 13 14 26 27 39 40 52 53

can be written as B =

2 4
0 1

13
. The difference set of B is1B = {±1(5),±2(5),±3(5),±12(5)} and |Orb(B)| = 13.
In the following section, we will use the short expression for the base blocks with short orbit. Given a, b ∈ Z, we define
the notations:±{a, b} = {±a,±b}, [a, b] = {x ∈ Z|a ≤ x ≤ b}, and±[a, b] = [a, b] ∪ [−b,−a].
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3. Main results
If there exists a k-sun system of order v, then we call v is admissible. The set of all admissible values v is called the
spectrum of a k-sun system and is denoted by Spec(k). By counting the number of k-sun graphs in the decomposition of Kv ,
we obtain Spec(k) for k = 2t(t ≥ 2), 6, 10, and 14 as follows.
(1) Spec(2t) = {v|v ≡ 0, 1(mod 2t+2)} for t ≥ 2.
(2) Spec(6) = {v|v ≡ 0, 1, 9, 16(mod 24)}.
(3) Spec(10) = {v|v ≡ 0, 1, 16, 25(mod 40)}.
(4) Spec(14) = {v|v ≡ 0, 1, 8, 49(mod 56)}.
In this section, we will construct cyclic 2k-sun systems of order v when v is odd and 1-rotational 2k-sun system of order
v when v is even. When v is odd, we let V (Kv) = Zv , otherwise V (Kv) = Zv−1 ∪ {∞}. For convenience, let Z∗v = Zv − {0}.
From Corollary 1.2, we have the following result.
Lemma 3.1. Let k ≥ 2 be an integer. If v ≡ 1(mod 8k) then there exists a cyclic 2k-sun system of order v.
Before we construct a 1-rotational 2k-sun system of order v with v ≡ 0(mod 8k), we consider the case of k = 2.
Lemma 3.2. A 1-rotational 4-sun system of order v exists whenever v ≡ 0(mod 16).
Proof. Letv = 16p for p ≥ 1. If there exists a 4-sun systemof orderv, thenKv should bedecomposed into 16p(16p−1)/16 =
p(16p− 1) 4-sun graphs. Let
Bi =

8i− 3 16i− 7 8i− 1 16i− 4
0 8i− 6 1 8i− 4

, i ∈ [1, p− 1]
Bp =

8p− 3 16p− 7 8p− 1 ∞
0 8p− 6 1 8p− 4

.
It is easy to see that the vertices in each Bi are different fromeach other, thus Bi is a 4-sun graph for i ∈ [1, p]. After calculating
the differences, we have 1Bi = ±[8i − 7, 8i],1Bp = ±[8p − 7, 8p − 1] ∪ {∞}. Since 1B1,1B2, . . . ,1Bp are mutually
disjoint and
p
i=11Bi =
p−1
i=1 ±[8i−7, 8i]∪±[8p−7, 8p−1]∪{∞} = ±[1, 8p−1]∪{∞} = Z∗v−1∪{∞}, B1, B2, . . . , Bp
form a (v, 4)-difference family. Therefore,
p
i=1 Orb(Bi) is a 1-rotational 4-sun system of order v = 16p. 
Lemma 3.3. Let k > 2 be a positive integer. There exists a 1-rotational 2k-sun system of order v whenever v ≡ 0(mod 8k).
Proof. Let v = 8kp for p ≥ 1. If there exists a 2k-sun system of order v, then Kv should be decomposed into 8kp(8kp −
1)/8k = p(8kp− 1) 2k-sun graphs. Let
Bi =

wi,1 wi,2 · · · wi,2k
ui,1 ui,2 · · · ui,2k

, i ∈ [1, p],
where if k is even then
ui,2j−1 = j− 1, for j ∈ [1, k]
ui,2j =

4ki− 2k− j+ 1 for j ∈ [1, k/2]
4ki− 2k− j for j ∈ [k/2+ 1, k]
wi,2j−1 = 4ki− 2k+ 2i− 1 for j ∈ [1, k]
wi,2 =

8ki− 2k if i ≠ p
∞ if i = p
wi,2j =

8ki− 2k− 2j+ 1 for j ∈ [2, k/2]
8ki− 2k− 2j for j ∈ [k/2+ 1, k]
else
ui,2j−1 = j− 1, for j ∈ [1, k]
ui,2j = 4ki− 2k− j− 1, for j ∈ [1, k− 1]
ui,2k = 4ki− k− 2
wi,2j−1 =

4ki− 2k+ 2j− 2 for j ∈ [1, k− 2]
4ki− 2k+ 2j− 1 for j = k− 1, k
wi,2j = 8ki− 2k− 2j− 1 for j ∈ [1, k− 1]
wi,2k =

8ki− k− 2 if i ≠ p
∞ if i = p.
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It is easy to see that the vertices in each Bi are different from each other, thus Bi is a 2k-sun graph for i ∈ [1, p]. After
calculating the differences, we have 1Bi = ±[4k(i − 1) + 1, 4ki] and 1Bp = ±[4k(p − 1) + 1, 4kp − 1] ∪ {∞}. Since
1B1,1B2, . . . ,1Bp are mutually disjoint and
p
i=11Bi =
p−1
i=1 ±[4k(i−1)+1, 4ki]∪±[4k(p−1)+1, 4kp−1]∪ {∞} =
±[1, 4kp−1]∪{∞} = Z∗8kp−1∪{∞}, B1, B2, . . . , Bp forma (v, 2k)-difference family. Therefore,
p
i=1 Orb(Bi) is a 1-rotational
2k-sun system of order v = 8kp. 
From Lemmas 3.1–3.3, we have the following result.
Theorem 3.4. Let t ≥ 2 be an integer. A cyclic 2t-sun system of order v exists if and only if v ≡ 1(mod 2t+2) and a 1-rotational
2t-sun system of order v exists if and only if v ≡ 0(mod 2t+2).
Next, we start to construct a cyclic 6-sun system of order vwith v ≡ 9(mod 24) and a 1-rotational 6-sun system of order
v with v ≡ 16(mod 24).
Lemma 3.5. There exists a cyclic 6-sun system of order v whenever v ≡ 9(mod 24).
Proof. Let v = 24p + 9 for p ≥ 1. If there exists a 6-sun system of order v, then Kv should be decomposed into
(24p+ 9)(24p+ 8)/24 = p(24p+ 9)+ (8p+ 3) 6-sun graphs. Let
Bi =

8i− 1 12i+ 8p− 2 8i+ 2 12i+ 8p− 4 4i+ 8p+ 1 12i+ 8p+ 2
0 8i− 3 1 8i− 4 2 8i

,
for i ∈ [1, p] and Bp+1 =

12p+ 3 12p+ 5
0 1

8p+3
.
It is easy to check that the vertices in each Bi are different from each other, thus Bi is a 6-sun graph for i ∈ [1, p + 1].
After calculating the differences, we have 1Bi = ±[8i − 6, 8i + 1] ∪ ±[8p + 4i − 1, 8p + 4i + 2] and 1Bp+1 =
±{1(3), (8p+ 2)(3), (12p+ 3)(3), (12p+ 4)(3)}, where |Orb(Bi)| = 24p+ 9, for each i ∈ [1, p] and |Orb(Bp+1)| = 8p+ 3.
Since1B1,1B2, . . . ,1Bp+1 are mutually disjoint and
p+1
i=1 1Bi = ±[2, 12p+ 2] \ {±(8p+ 2)}∪±{1, (8p+ 2), (12p+
3), (12p+ 4)} = Z∗24p+9, it implies that B1, B2, . . . , Bp+1 form a (v, 6)-difference family. Therefore,
p+1
i=1 Orb(Bi) is a cyclic
6-sun system of order v = 24p+ 9. 
Lemma 3.6. There exists a 6-sun system of order 16.
Proof. If there exists a 6-sun system of order 16, then K16 should be decomposed into 2 · 5 = 10 6-sun graphs. Let
B1 =

3 1 11 6 7 5
0 4 8 12 13 14

, B2 =

0 12 6 9 8 10
∞ 7 14 1 3 5

,
and let S = {B1 + 3i|i = 0, 1, 2, 3, 4} and T = {B2 + 3i|i = 0, 1, 2, 3, 4}.
It is obvious that B1 and B2 are 6-sun graphs. Since1B1 = ±{1(3), 3(3), 4(3), 6(3)} and1B2 = ±{2(3), 5(3), 7(3),∞(3)}, B1
and B2 form a (16, 6)-difference family. Therefore, S ∪ T is a 6-sun system of order 16. 
Lemma 3.7. If v is a positive integer, and v ≡ 16(mod 24) then there exists a 1-rotational 6-sun system of order v.
Proof. Let v = 24p + 16 for p ≥ 1. If there exists a 6-sun system of order v, then Kv should be decomposed into
(24p+ 16)(24p+ 15)/24 = p(24p+ 15)+ 2(8p+ 5) 6-sun graphs. Let
Bi =

8i 8p+ 12i+ 1 8i+ 3 8p+ 12i− 1 8p+ 4i+ 3 8p+ 12i+ 5
0 8i− 2 1 8i− 3 2 8i+ 1

,
for i ∈ [1, p− 1],
Bp =

8p 20p+ 1 8p+ 3 20p− 1 12p+ 3 ∞
0 8p− 2 1 8p− 3 2 8p+ 1

,
Bp+1 =

12p+ 4 12p+ 6
0 1

8p+5
, Bp+2 =

12p+ 6 12p+ 9
0 2

8p+5
.
It is easy to check that the vertices in each Bi are different from each other, thus Bi is a 6-sun graph for i ∈ [1, p + 2].
After calculating the differences, we have 1Bi = ±[8i − 5, 8i + 2] ∪ ±[8p + 4i + 1, 8p + 4i + 4] for i ∈ [1, p −
1],1Bp = ±[8p − 5, 8p + 2] ∪ ±[12p + 1, 12p + 3] ∪ {∞},1Bp+1 = ±{1(3), (8p + 4)(3), (12p + 4)(3), (12p + 5)(3)},
and 1Bp+2 = ±{2(3), (8p + 3)(3), (12p + 6)(3), (12p + 7)(3)}, where |Orb(Bi)| = 24p + 15 for each i ∈ [1, p] and
|Orb(Bp+1)| = |Orb(Bp+2)| = 8p+ 5.
Since1B1,1B2, . . . ,1Bp+2 aremutually disjoint and
p+2
i=1 1Bi = ±[3, 12p+3]∪{∞}\±[8p+3, 8p+4]∪±{1(3), (8p+
4)(3), (12p+4)(3), (12p+5)(3)}∪±{2(3), (8p+3)(3), (12p+6)(3), (12p+7)(3)} = Z∗24p+9∪{∞}, it implies thatB1, B2, . . . , Bp+2
form a (v, 6)-difference family. Therefore,
p+2
i=1 Orb(Bi) is a 1-rotational 6-sun system of order v = 24p+ 16. 
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From Lemmas 3.1, 3.3, 3.5, 3.6, and 3.7, we have the next theorem.
Theorem 3.8. There exists a 6-sun system of order v if and only if v ≡ 0, 1, 9, 16(mod 24).
Next, we will construct a cyclic 10-sun system of order v with v ≡ 25(mod 40) and a 1-rotational 10-sun system of
order v with v ≡ 16(mod 40).
Lemma 3.9. There exists a 10-sun system of order 25.
Proof. If there exists a 10-sun system of order 25, then K25 should be decomposed into 3 · 5 = 15 10-sun graphs. Let
B1 =

10 19 8 12 1 15 16 17 3 4
0 9 18 2 11 20 21 22 23 24

,
B2 =

4 8 14 18 24 3 9 13 19 23
0 2 10 12 20 22 5 7 15 17

,
B3 =

12 14 22 24 7 9 17 19 2 4
0 3 10 13 20 23 5 8 15 18

,
and let S1 = {B1 + 5i|i = 0, 1, 2, 3, 4}, S2 = {B2 + i|i = 0, 1, 2, 3, 4}, and S3 = {B3 + i|i = 0, 1, 2, 3, 4}.
It is obvious that B1, B2, and B3 are 10-sun graphs. Since 1B1 = ±{1(5), 5(5), 9(5), 10(5)},1B2 = ±{2(5), 4(5), 6(5), 8(5)},
and1B3 = ±{3(5), 7(5), 11(5), 12(5)}, it implies that B1, B2, and B3 form a (25, 10)-difference family. Therefore, S1 ∪ S2 ∪ S3
is a 10-sun system of order 25. 
Lemma 3.10. If v ≡ 25(mod 40), then there exists a cyclic 10-sun system of order v.
Proof. Let v = 40p + 25 for p ≥ 1. If there exists a 10-sun system of order v, then Kv should be decomposed into
(40p+ 25)(40p+ 24)/40 = p(40p+ 25)+ 3(8p+ 5) 10-sun graphs.
For i ∈ [1, p], let Bi =

wi,1 wi,2 · · · wi,10
ui,1 ui,2 · · · ui,10

where
ui,1 = 0, wi,1 = 7i+ 8p+ 5,
ui,2 = 8i+ 5, wi,2 = 12i+ 15p+ 15,
ui,3 = 1, wi,3 = 7i+ 8p+ 7,
ui,4 = 8i+ 4, wi,4 = 12i+ 15p+ 13,
ui,5 = 2, wi,5 = 7i+ 8p+ 9,
ui,6 = 8i+ 3, wi,6 = 12i+ 15p+ 11,
ui,7 = 3, wi,7 = 7i+ 8p+ 12,
ui,8 = 8i+ 2, wi,8 = 12i+ 15p+ 9,
ui,9 = 4, wi,9 = 7i+ 8p+ 14,
ui,10 = 7i+ 8p+ 8, wi,10 = 8i+ 27p+ 18,
Bp+1 =

4 16p+ 15
0 8p+ 6

8p+5
, Bp+2 =

5 16p+ 17
0 8p+ 7

8p+5
,
and
Bp+3 =

20p+ 11 28p+ 20
0 8p+ 8

8p+5
.
It is easy to check that the vertices in each Bi are different from each other, thus Bi is a 10-sun graph for i ∈ [1, p+3]. After
calculating the differences, we have1Bi = ±[8i−2, 8i+5]∪±[8p+7i+4, 8p+7i+10]∪±[15p+4i+7, 15p+4i+10]∪
{±(19p+i+10)} for i ∈ [1, p],1Bp+1 = ±{1(5), 4(5), (8p+6)(5), (8p+9)(5)},1Bp+2 = ±{2(5), 5(5), (8p+7)(5), (8p+10)(5)},
and 1Bp+3 = ±{3(5), (8p + 8)(5), (20p + 11)(5), (20p + 12)(5)} where |Orb(Bi)| = 40p + 25 for i ∈ [1, p] and
|Orb(Bp+1)| = |Orb(Bp+2)| = |Orb(Bp+3)| = 8p+ 5.
Since 1B1,1B2, . . . ,1Bp+3 are mutually disjoint and we have
p+3
i=1 1Bi = ±[6, 20p + 10] \ ±[8p + 6, 8p + 10] ∪
±{1(5), 4(5), (8p+6)(5), (8p+9)(5)}∪±{2(5), 5(5), (8p+7)(5), (8p+10)(5)}∪±{3(5), (8p+8)(5), (20p+11)(5), (20p+12)(5)} =
Z∗40p+25, it implies that B1, B2, . . . , Bp+3 form a (v, 10)-difference family. Therefore,
p+3
i=1 Orb(Bi) is a cyclic 10-sun system
of order v = 40p+ 25. 
Lemma 3.11. If v ≡ 16(mod 40) then there exists a 1-rotational 10-sun system of order v.
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Proof. Let v = 40p + 16 for p ≥ 1. If there exists a 10-sun system of order v, then Kv should be decomposed into
(40p+ 16)(40p+ 15)/40 = p(40p+ 15)+ 2(8p+ 5) 10-sun graphs.
For i ∈ [1, p], let Bi =

wi,1 wi,2 · · · wi,10
ui,1 ui,2 · · · ui,10

where
ui,1 = 0, wi,1 = 7i+ 8p+ 1,
ui,2 = 8i+ 3, wi,2 = 12i+ 15p+ 9,
ui,3 = 1, wi,3 = 7i+ 8p+ 3,
ui,4 = 8i+ 2, wi,4 = 12i+ 15p+ 7,
ui,5 = 2, wi,5 = 7i+ 8p+ 5,
ui,6 = 8i+ 1, wi,6 = 12i+ 15p+ 5,
ui,7 = 3, wi,7 = 7i+ 8p+ 8,
ui,8 = 8i, wi,8 = 12i+ 15p+ 3,
ui,9 = 4, wi,9 = 7i+ 8p+ 10,
ui,10 = 7i+ 8p+ 4, wi,10 =

8i+ 27p+ 10 if i ≠ p
∞ if i = p,
Bp+1 =

3 28p+ 10
0 8p+ 4

8p+3
, and Bp+2 =

8p+ 6 28p+ 12
0 8p+ 5

8p+3
.
It is easy to check that the vertices in each Bi are different from each other, thus Bi is a 10-sun graph for i ∈ [1, p + 2].
After calculating the differences, we have1Bi = ±[8i− 4, 8i+ 3] ∪±[8p+ 7i, 8p+ 7i+ 6] ∪±[15p+ 4i+ 3, 15p+ 4i+
6]∪ {±(19p+ i+6)} for i ∈ [1, p−1],1Bp = ±[8p−4, 8p+3]∪±[15p, 15p+6]∪±[19p+3, 19p+6]∪ {∞},1Bp+1 =
±{1(5), 3(5), (8p+4)(5), (20p+6)(5)}, and1Bp+2 = ±{2(5), (8p+5)(5), (8p+6)(5), (20p+7)(5)}where |Orb(Bi)| = 40p+15
for i ∈ [1, p] and |Orb(Bp+1)| = |Orb(Bp+2)| = 8p+ 3.
Since 1B1,1B2, . . . ,1Bp+2 are mutually disjoint and we have
p+2
i=1 1Bi = ±[4, 20p + 5] ∪ {∞} \ ±[8p + 4, 8p +
6] ∪ ±{1(5), 3(5), (8p + 4)(5), (20p + 6)(5)} ∪ ±{2(5), (8p + 5)(5), (8p + 6)(5), (20p + 7)(5)} = Z∗40p+15 ∪ {∞}, it implies
that B1, B2, . . . , Bp+2 form a (v, 10)-difference family. Therefore,
p+2
i=1 Orb(Bi) is a 1-rotational 10-sun system of order
v = 40p+ 16. 
From Lemmas 3.1, 3.3, 3.9, 3.10, and 3.11, we have the next theorem.
Theorem 3.12. There exists a 10-sun system of order v if and only if v ≡ 0, 1, 16, 25(mod 40).
Next, we will construct a cyclic 14-sun system of order v with v ≡ 49(mod 56) and a 1-rotational 14-sun system of
order v with v ≡ 8(mod 56). We need to construct cyclic 14-sun systems of order 49 and 105 first.
Lemma 3.13. There exists a 14-sun system of order 49.
Proof. If there exists a 14-sun system of order 49, then K49 should be decomposed into 6 · 7 = 42 14-sun graphs. Let
B1 =

14 20 26 4 38 44 22 35 8 16 10 32 40 48
0 6 12 18 24 30 36 42 1 9 17 25 33 41

,
B2 =

21 26 38 36 41 46 9 20 29 19 28 7 16 6
0 5 10 15 20 25 30 35 44 4 13 22 31 40

,
B3 =

19 17 33 31 47 45 12 11 26 24 40 38 5 3
0 1 14 15 28 29 42 43 7 8 21 22 35 36

,
B4 =

22 19 36 33 1 47 15 12 29 26 43 40 8 5
0 2 14 16 28 30 42 44 7 9 21 23 35 37

,
B5 =

18 27 32 41 46 6 11 20 25 34 39 48 4 13
0 3 14 17 28 31 42 45 7 10 21 24 35 38

,
B6 =

23 24 37 38 2 3 16 17 30 31 44 45 9 10
0 4 14 18 28 32 42 46 7 11 21 25 35 39

,
and let S1 = {B1 + 7i|i = 0, 1, . . . , 6}, S2 = {B2 + 7i|i = 0, 1, . . . , 6}, and Sj = {Bj + i|i = 0, 1, . . . , 6} for j = 3, 4, 5, 6.
It is obvious that Bi is a 14-sun graph for i ∈ [1, 6]. Since 1B1 = ±{6(7), 7(7), 8(7), 14(7)},1B2 =
±{5(7), 9(7), 15(7), 21(7)},1B3 = ±{1(7), 13(7), 16(7), 19(7)},1B4 = ±{2(7), 12(7), 17(7), 22(7)},1B5 = ±{3(7), 11(7), 18(7),
24(7)}, and 1B6 = ±{4(7), 10(7), 20(7), 23(7)}, it implies that B1, B2, . . . , B6 form a (49, 14)-difference family. Therefore,6
j=1 Sj is a 14-sun system of order 49. 
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Lemma 3.14. There exists a 14-sun system of order 105.
Proof. If there exists a 14-sun systemof order 105, thenK105 should be decomposed into 105·1042·28 = 105+6·15 = 195 14-sun
graphs. Let
B1 =

28 67 30 65 32 56 34 54 36 52 39 50 41 78
0 26 1 25 2 17 3 16 4 15 5 14 6 33

,
B2 =

7 38 22 53 37 68 52 83 67 98 82 8 97 23
0 16 15 31 30 46 45 61 60 76 75 91 90 1

,
B3 =

42 61 57 76 72 91 87 1 102 16 12 31 27 46
0 17 15 32 30 47 45 62 60 77 75 92 90 2

,
B4 =

43 64 58 79 73 94 88 4 103 19 13 34 28 49
0 18 15 33 30 48 45 63 60 78 75 93 90 3

,
B5 =

47 67 62 82 77 97 92 7 2 22 17 37 32 52
0 19 15 34 30 49 45 64 60 79 75 94 90 4

,
B6 =

49 70 64 85 79 100 94 10 4 25 19 40 34 55
0 20 15 35 30 50 45 65 60 80 75 95 90 5

,
B7 =

51 73 66 88 81 103 96 13 6 28 21 43 36 58
0 21 15 36 30 51 45 66 60 81 75 96 90 6

.
It is obvious that Bi is a 14-sun graph for i ∈ [1, 7]. Since 1B1 = ±[8, 15] ∪ ±[23, 41] ∪ {±45},1B2 =
±{1(7), 7(7), 16(7), 22(7)},1B3 = ±{2(7), 17(7), 42(7), 44(7)},1B4 = ±{3(7), 18(7), 43(7), 46(7)},1B5 = ±{4(7), 19(7), 47(7),
48(7)},1B6 = ±{5(7), 20(7), 49(7), 50(7)}, and 1B7 = ±{6(7), 21(7), 51(7), 52(7)}, it implies that B1, B2, . . . , B7 form a
(105, 14)-difference family. Therefore,
7
j=1 Orb(Bj) is a 14-sun system of order 105. 
Lemma 3.15. If v ≡ 49(mod 56) and v > 105, then there exists a cyclic 14-sun system of order v.
Proof. Let v = 56p + 49, for p > 1. If there exists a 14-sun system of order v, then Kv should be decomposed into
(56p + 49)(56p + 48)/56 = p(56p + 49) + 6(8p + 7) 14-sun graphs. For i ∈ [1, p], let Bi =

wi,1 wi,2 · · · wi,14
ui,1 ui,2 · · · ui,14

where
ui,1 = 0, wi,1 = 12p+ 9i+ 7,
ui,2 = 8p+ 4i+ 14, wi,2 = 33p+ 6i+ 28,
ui,3 = 1, wi,3 = 12p+ 9i+ 9,
ui,4 = 8p+ 4i+ 13, wi,4 = 33p+ 6i+ 26,
ui,5 = 2, wi,5 = 12p+ 9i+ 11,
ui,6 = 8i+ 9, wi,6 = 21p+ 12i+ 23,
ui,7 = 3, wi,7 = 12p+ 9i+ 13,
ui,8 = 8i+ 8, wi,8 = 21p+ 12i+ 21,
ui,9 = 4, wi,9 = 12p+ 9i+ 15,
ui,10 = 8i+ 7, wi,10 = 21p+ 12i+ 19,
ui,11 = 5, wi,11 = 12p+ 9i+ 18,
ui,12 = 8i+ 6, wi,12 = 21p+ 12i+ 17,
ui,13 = 6, wi,13 = 12p+ 9i+ 20,
ui,14 = 12p+ 9i+ 12, wi,14 = 39p+ 10i+ 26,
Bp+1 =

7 16p+ 22
0 8p+ 8

8p+7
, and
Bp+j =

28p+ 11+ 2j 36p+ 19+ 3j
0 8p+ 7+ j

8p+7
for j ∈ [2, 6].
It is easy to check that the vertices in each Bi are different from each other, thus Bi is a 14-sun graph for i ∈ [1, p + 1].
Since only when p = 1 and j = 3, 28p + 11 + 2j is a multiple of 8p + 7, Bp+j is a 14-sun graph for j ∈ [2, 6] and p > 1.
After calculating the differences, we have1Bi = ±[8i, 8i+ 7] ∪ ±[8p+ 4i+ 11, 8p+ 4i+ 14] ∪ ±[12p+ 9i+ 6, 12p+
9i + 14] ∪ ±[21p + 4i + 11, 21p + 4i + 14] ∪ ±[25p + 2i + 13, 25p + 2i + 14] ∪ {±(27p + i + 14)} for i ∈ [1, p],
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1Bp+1 = ±{1(7), 7(7), (8p+ 8)(7), (8p+ 14)(7)} and1Bp+j = ±{j(7), (8p+ 7+ j)(7), (28p+ 11+ 2j)(7), (28p+ 12+ 2j)(7)}
for j ∈ [2, 6]where |Orb(Bi)| = 56p+ 49 for i ∈ [1, p] and |Orb(Bp+j)| = 8p+ 7 for j ∈ [1, 6].
Since 1B1,1B2, . . . ,1Bp+6 are mutually disjoint and we have
p+6
i=1 1B(i) = ±[8, 28p + 14] \ ±[8p + 8, 8p + 14] ∪
[p+6i=p+11B(i)] = Z∗56p+49, it implies that B1, B2, . . . , Bp+6 form a (v, 14)-difference family. Therefore, p+6j=1 Orb(Bj) is a
cyclic 14-sun system of order v = 56p+ 49, for p > 1. 
Lemma 3.16. If v ≡ 8(mod 56) then there exists a 1-rotational 14-sun system of order v.
Proof. Let v = 56p + 8 for p ≥ 1. If there exists a 14-sun system of order v, then Kv should be decomposed into
(56p+ 8)(56p+ 7)/56 = p(56p+ 7)+ (8p+ 1) 14-sun graphs.
For i ∈ [1, p], let Bi =

wi,1 wi,2 · · · wi,14
ui,1 ui,2 · · · ui,14

where
ui,1 = 0, wi,1 = 12p+ 9i− 5,
ui,2 = 8p+ 4i+ 2, wi,2 = 33p+ 6i+ 4,
ui,3 = 1, wi,3 = 12p+ 9i− 3,
ui,4 = 8p+ 4i+ 1, wi,4 = 33p+ 6i+ 2,
ui,5 = 2, wi,5 = 12p+ 9i− 1,
ui,6 = 8i+ 3, wi,6 = 21p+ 12i+ 5,
ui,7 = 3, wi,7 = 12p+ 9i+ 1,
ui,8 = 8i+ 2, wi,8 = 21p+ 12i+ 3,
ui,9 = 4, wi,9 = 12p+ 9i+ 3,
ui,10 = 8i+ 1, wi,10 = 21p+ 12i+ 1,
ui,11 = 5, wi,11 = 12p+ 9i+ 6,
ui,12 = 8i, wi,12 = 21p+ 12i− 1,
ui,13 = 6, wi,13 = 12p+ 9i+ 8,
ui,14 = 12p+ 9i, wi,14 =

39p+ 10i+ 2 if i ≠ p
∞ if i = p,
and Bp+1 =

28p+ 2 36p+ 5
0 8p+ 2

8p+1
.
It is easy to check that the vertices in each Bi are different from each other, thus Bi is a 14-sun graph for i ∈ [1, p + 1].
After calculating the differences, we have1Bi = ±[8i− 6, 8i+ 1] ∪ ±[8p+ 4i− 1, 8p+ 4i+ 2] ∪ ±[12p+ 9i− 6, 12p+
9i + 2] ∪ ±[21p + 4i − 1, 21p + 4i + 2] ∪ ±[25p + 2i + 1, 25p + 2i + 2] ∪ {±(27p + i + 2)} for i ∈ [1, p − 1],1Bp =
±[8p− 6+ 8p+ 1] ∪±[12p− 1, 12p+ 2] ∪±[21p− 6, 21p+ 2] ∪±[25p− 1, 25p+ 2] ∪±[27p+ 1, 27p+ 2] ∪ {∞}, and
1Bp+1 = ±{1(7), (8p+ 2)(7), (28p+ 2)(7), (28p+ 3)(7)}where |Orb(Bi)| = 56p+ 7 for i ∈ [1, p] and |Orb(Bp+1)| = 8p+ 1.
Since 1B1,1B2, . . . ,1Bp+1 are mutually disjoint and we have
p+1
i=1 1Bi = ±[2, 28p + 1] ∪ {∞} \ {±(8p + 2)} ∪
±{1(7), (8p + 2)(7), (28p + 2)(7), (28p + 3)(7)} = Z∗56p+7 ∪ {∞}, it implies that B1, B2, . . . , Bp+1 form a (v, 14)-difference
family. Therefore,
p+1
j=1 Orb(Bj) is a 1-rotational 14-sun system of order v. 
From Lemmas 3.1, 3.3, 3.13, 3.14, 3.15, and 3.16, we have the following theorem.
Theorem 3.17. There exists a 14-sun system of order v if and only if v ≡ 0, 1, 8, 49(mod 56).
4. Concluding remarks
The necessary condition for the existence of a 2k-sun system of order v is v ≥ 4k and v(v − 1) is a multiple of 8k. In
Section 3, we obtain that there exists a 2k-sun system of order v as v ≡ 0, 1(mod 8k). It would be interesting to determine
the necessary and sufficient conditions for the existence of a 2k-sun system of order v for any prime number k > 2. For
any prime number k > 2, the solution of the equation v(v − 1) ≡ 0(mod 8k) is v ≡ 0, 1, sk, (8 − s)k + 1(mod 8k) when
k ≡ s(mod 8). In this paper we obtain Spec(2k) for k = 3, 5, 7. However, it seems to be more difficult because, in addition
to base blocks with full orbits, we need construct more base blocks with short orbits when k is getting large. We hope that
this problem can be resolved in the near future.Moreover, for general k, the solution of the equation v(v− 1) ≡ 0(mod 8k)
depends on the divisors of k. The constructions should be more difficult.
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